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Abstract 

Using some supernovae and CMB data, we constrain the Cardassian, 
Randall-Sundrum, and DvaH-Gabadadze-Porrati brane-inspired cosmologi- 
cal models. We show that a transient acceleration and an early loitering 
period are usually excluded by the data. Moreover, the three models are 
equivalent to some usual quintessence/ghost dark energy models defined by 
a barotropic index depending on the redshift. We calculate this index for 
each model and show that they mimic a universe close to a KCDM model 
today. 

1 Introduction 

The notion of extradimensions (see lAbel & March-Russellv I (l2000l) for a 
popularised review) takes root in the search f or a u nified theory of funda- 
mental interactions. In the twenties, iKaluzal ( Il92lb tried to unify electro- 
magnetism with Einstein's general relativity (GR) thanks to a geometrical 
scheme involving a compactified extradimension. However, such a solution 
does not work with weak and strong interactions. Interest in extradimensions 
returned in the seventies and the eighties with the development of string the- 
ory and supersymmetry, here most symmetric forms occur for a ten or eleven 
dimensional universe. In particular, in the mid eighties, Michael Green and 
John Schwartz discovered the superstring theory that is able to incorporate 
quantum mechanics without any problem of infinity, provided we live in 
a ten-dimensional universe, that is, our four-dimensional universe with six 
compactified extradimensions. 

For all these theories, it is assumed that the four fundamental interactions 
are everywhere in the ten-dimensional spacetime. A breakthrough came in 
the late nineties when one wonder if gravitational interaction could be the 
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only one able to travel in the ten dimensions while the other interactions 
would stay confined in our four-dimensional brane world. One of the inter- 
esting things about the brane idea is that it could explain why gravity is so 
weak with respect to the other interactions. For instance, it could be dil uted 
in the extradimensions as explained bv lArkani-Hamed. Dimopoulos & Dvalil 
lll998l) . Another interest of branes could be to explain why the cosmological 
constant A is so small. Randall and Sundrum looked for branes in which the 
bulk dimensions are strongly curved or warped but not necessarily compact- 
ified. Then, if they are warped in the right way, it is possible to explain the 
smallness of A. 

As a result, branes offer many new and exciting possibilities. Some of 
them, related to the universe expansion, have been qualified "cosmological 
surprise" by Sahni (2005). For instance, some brane theories are able to pro- 
duce a so-called transient acceleration, i.e. an acceleration of the expansion 
that is not eternal. Such behaviour would allow some string theories prob- 
lems related to the S-Matrix to be avoided. Another cosmological surprise is 
the exi stence of some early loitering periods as defined bv lSahni and Shtanovl 
that is some early periods of time during which the Hubble function 
grow s mo re slowly than t he Hubble function of the KCDM model. Thus 
ISahni and Shtanovl ( l2005l) mathematically define the loitering as the exis- 
tence of a minimum value of the ratio H{z)/Hacdm- As a result, the age of 
a loitering universe is more than of a KCDM model. It also increases the 
growth rate of density inhomogeneities with respect to the KCDM model. 
Hence, an early epoch of loitering should help to boost the formation of 
high-redshift, gravitationally bound systems as noted by Sahni (2005). 
The aim of this paper is to constrain the free parameters of three brane 
theories, the so-called Cardassian, Randall-Sundrum, and Dvali-Gabadadze- 
Porrati models (DGP). We use some supernovae and CMB data. We show 
that a transient acceleration and an early loitering period are excluded by the 
observations most of the time. Moreover, we relate each of these models to 
some of the usual quintessence or ghost dark energy theories; so we begin by 
introducing each of the three brane theories. 

The Cardassian model was introduced for the first time bv lChung & Freest 
(I2OOO). The authors consider a 3 -(- 1 brane located at the Z2 symmetry fixed 
plane of a Z2 symmetric five-dimensional spacetime. With a suitable (and 
non unique) choice of the bulk energy momentum tensor, they found that 
on the brane, the Hubble function is proportional to a power of the matter 
density. Th e cosmological consequ ences of the expansion acceleration were 
analysed bv lFreese & Lewisl ll2002*). A fluid interpretation of the Cardassian 
model was also developed bylGondolo & Freese (2003) as a description of 
the matter with some interaction terms which would give birth to an effective 
negative pressure able to drive the expansion acceleration. 
There are two types of Randall-Sundrum models( Randall & Sundrumll999l) . 
In the Randall-Sundrum type / model dGumi u dp ai 2003), two 3 H- 1 branes 
are embedded in a five-dimensional anti-de-Sitter {AdS^) bulk with a nega- 
tive cosmological constant. The extra dimension has Z2 symmetry of about 
y - L (where the brane stands with a negative tension where we live) and 
y - Q (where the other brane stands with a positive tension). We are inter- 
ested by the Randall-Sundrum type // model where the brane in y = L is sent 
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to infinity, whereas our brane is in y = 0. It has a positive tension; otherwise, 
the Newton constant is negative. 

Last, the Dvali-Gabadadze-Porrati (DGP) model(! Dvali & Gabadadze & PorratJ 
I2OOO) rests upon a 3 + 1 brane in a five-dimensional Minkowski space with an 
infinite-size extra dimension. There is neither a bulk cosmological constant 
nor any brane tension. 

The plan of the paper is the following. In Sect. |2l we define the geometry 
and the matter content of our brane universe. In Sect. I3I5I we use some 
observational data to constrain the Cardassian, Randall-Sundrum, and Dvali- 
Gabadadze-Porrati brane models. We conclude in Sect.|6| 

2 Geometrical and physical frameworks 

As a geometrical framework, we assume an isotropic and homogeneous uni- 
verse described by a Friedmann-Lemaitre-Robertson- Walker (FLRW) met- 
ric: 

ds^ = -dt^ + a{tf{ V + r^ide^ + sin^0d4>^)) 

1 - kr-^ 

where a(t) is the scale factor accounting for the universe's expansion or con- 
traction. The parameter is 0, - 1 , or 1 if the universe geometry is Euclidean, 
hyperbolic or spherical respectively. 

As a physical framework, we consider the Cardassian, Randall-Sundrum type 
//, and DGP brane models. On the brane, we assume the presence of a perfect 
fluid of matter with an equation of state (eos) 

Pm = (r- l)Pm 

and a perfect fluid of dark energy with a constant eos 

Pe^iT- l)Pe- 

We choose y - I, that is, a dust fluid (cold dark matter (CDM)). Dark energy 
will be a quintessence if F > 0, and otherwise ghost. 

Each model is defined by some parameters, such as the energy density pa- 
rameter Q,„„ of the CDM(see definition below). In what follows we look for 
the values of these parameters, allowing 

• an accelerated expansion for a redshift Za- This redshift is such that the 
second derivative of the metric function a with respect to the proper 
time f, a, vanishes. 

• a transient acceleration. This is when the acceleration does not last 
forever but only a finite time. It occurs when several values of z are 
solutions to a = 0. 

• a loitering period. Following ISahni and Shtanovl ll2005l) (see their ap- 
pendix), a minimum value of the ratio H{z)/Hacdm is a generic feature 
of a loitering universe. The loiteirng redshift zi is thus defined as the 
time of this minimum, such as d{H(z) / Hacdm) / dz - 0. Note that other 
definitions of a loitering period exist, such that dH(z)/dz - 0. Some- 
times a loitering universe is also compared (although different) to the 
hesitating universe of Lemaitre which is such that the second derivative 
of the scale factor vanishes in zi- 
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In some cases, we also look for the domination redshift Zd defined as the red- 
shift, for which the linear term of the CDM, p„, oc (1 + 2)^, stops dominating 
the dynamics of the universe. We constrain the branes theories using the 157 
supernovae of the Riess gold sample! Riess et al 2004). It is plotted in Fig. 
n To reach this goal, we use two;^'^ tests with and without marginalising the 
Hubble constant. Since the supernovae data alone are not enough to avoid 
some large degeneracy, we also use some priors coming from the CMB data, 
more precisely, the WMAP prior Q„,„ - 0.27 + 0.05 got by considering dark 
energy defined by a constant eos. Is it appropriate? Most of the models of 
the present paper tend to a universe dominated by CDM at early-time like 
the model used in the WMAP analysis. Hence, we will naively suppose that 
the domination of the CDM at early-times should imply a similar prior to the 
one above. Moreover, it is widely used in the literature and will allow us to 
compare our results with the ones in other papers, even if this is not perfect. 
A more satisfactory analysis would require modifying a code like CMBFast 
to implement the brane models and then get some more realistic CMB priors. 
However, such a work is beyond the scope of this paper. 
All the statistical procedures are described in appendixEl In the whole pa- 
per, we choose the positive value of the square root unless otherwise stated. 

46 
44 
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Figure 1: Magnitude versus redshift of the 157 supernovae of the Riess gold sample 
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3 Cardassian theory 
3.1 Field equations 

The field equations of the Cardassian theory write 



H^ + ^^ki {p,n + Pe) [1 + A(p,„ + PeY] 



(1) 



H - = -Ihiyp,,, + Tp,) [1 + A(y + l)(p,„ + p^Y] (2) 

with V a constant and ki - The conservation of the energy momentum 
tensor for the CDM and dark energy leads to 



■ Pm,a 



-3y 



Pe = Pe,a 



—37 

with for the present time (indicated by the subscript 0) p,„„ - pmiO^ and 
Peo - Pe,0()^^- We define 



the redshift 1 + z : 



• the CDM density parameter Q„,„ - 

"o 

• the dark energy density parameter Of„ - 

• the curvature density parameter - -tttt 

• and last = 

Equations Q and (^tjJJ write then as 



//o'[a„o(i+z)''' + a„(i+z)'^] 

l + -i-[Q„,„(l+z)3'' + Q,„(l+z)3rp 



(3) 



1 a 



"mod - ^r)(i + z)'" + a„(i - ^r)(i + zf^ + 

[Q,„„(l-^(y+l)y)(l+z)3r + 

a„(i-^(v+i)r)(i+z)^r] 



(4) 



with the constraint 



(Q„,„+Q,„)''+' 



(5) 



where Hq is the present value of the Hubble constant. In lFav. Fiizfa & Alimil 
( I2OO5I) . we constrained six models of quintessence/ghost dark energy. All 
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of them are equivalent to the presence of a minimally coupled and massive 
scalar field 4' in the universe. Here we show that such models may also 
mimic the Cardassian model of this section (and the following, see below!). 
Following the calculations of Fav, Fiizfa & Alimi (2005), it is possible to 
show that the above Cardassian model is equivalent to the usual GR in four 
dimensions with quintessence/ghost dark energy whose eos - (y^ - Y)p^ 
would be defined by the varying barotropic index 

(1 + v)F{zy [a„r(i + z?^ + a„„y( i + z?^\ ^ 

~ F(z)i- + Q,„Q,„(l+z)3r 

D.eSl.J(\ + zf^ 



F(z)i+'' + Q.„f2,„(l+zF 



with F(z) = fie!o(l + z)^^ + ^mo(l + Z)^'''- The present value of dark energy 
density parameter would then be defined by Q^^ - Q^.^ + ^"'o'^-o) — 



3.2 Flat universe and CDM 

If there is no dark energy on the brane (Q^.^ - 0) but only some CDM, it 
becomes - y(l + v) whatever the Qko- The Cardassian theory is thus 
equivalent to GR in four dimensions with dark energy with a constant eos ' . 
In this case, the acceleration of the expansion arises if v < 2/(3y) - 1, a 
Big-Rip may occur if v < -1, and the model is equivalent to a AC DM model 
if V = -1. The = const case has aheady been studied in several papers. 
What is interesting here is the value of Qy^ as determined by the observations. 
We begin by studying the theory mathematically. In the presence of curva- 
ture, the acceleration redshift Za of the Cardassian theory reads 



nv„(2 - 3y) 



3y(l +v)-2 



37V 

(6) 



This expression depends on the curvature via Ov„ and the expression (|5}. 
Clearly when y = 1, the values v = (CDM universe), v = -1/3, and Qy^ 
play a special role as shown below. 

The solutions of Eq. |6j for the flat universe (Qt„ - 0) considered in this 
subsection are plotted in Fig. |2l As shown by Eq. |6j, there are four groups 
of solutions (putting y = 1): 

• one with Qv„ < (□,„„ > 1) and -1/3 < v < (Za is real): the universe 
expansion first decelerates and then accelerates in the future (see the 
curves labeled by Za = -0.99 on the first graph of Fig. The constant 
A or the parameter Qyo are negative. The late time acceleration is due 
to the domination of the negative Cardassian term (equivalent to the 
presence of dark energy with y^) in the future (za close to -1) in Eq. 

m. 

• one with ily^ < (Qm,, > 1) and v > Q (za is real): the universe 
expansion first accelerates and then decelerates. The constant A or the 



'This is true from the supernovae viewpoint but not from the perturbation viewpoint. 
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parameter Q.y„ is negative. The early-time acceleration is due to the 
domination of the negative Cardassian term (equivalent to the presence 
of dark energy with y^) at early-times in Eq. 0}. 

• one with > < 1) and v < -1/3 (Zo is real): the universe 
expansion first decelerates and then accelerates. The constant A or 
the parameter Qy^ is positive. The late time acceleration is due to the 
domination of the negative Cardassian term (equivalent to the presence 
of dark energy with y^) at late times in Eq. 1^. 

• one with -Slvo v -H 1 /3 having opposite signs (za is complex). Then 
there is no transition between a decelerated and an accelerated expan- 
sion. 

Since the expansion is accelerating, this is the third group of solutions that 
interests us in the framework of this paper. Since none of the curves in Fig. |2] 
crosses each other, a never vanishes twice for the same values of the constant 
parameters (Qm„, v) and thus the acceleration is not a transient phenomenon. 
The loitering redshift as a function of f2,„„ and v is plotted in Fig. |3] early- 
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Figure 1'. The acceleration redshift for the Cardassian theory with CDM and a flat universe in the (v, n,„„) and 
(f2y„, n,„„). The second graph is an enhancement of the first one in the region of space parameters covered by the 
2(T confidence contour obtained with the supernovae data. 

time loitering (some few units) occurs for low values of Q,„„ whatever v or 
low values of v whatever Q,„„. 




Figure 3 1 Some loitering redshift from zi = 0.2 to zi equal to several unities for the Cardassian theory with 
CDM in a flat universe. 

What do the supernovae data tell us about this Cardassian model? When we 
marginalise the Hubble constant, the smallest is 176.39 when Q,„„ - 0.49 
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and V = -2.40. The per degrees of freedom is x%of ~ 1-13, which is 
reasonable. We find that - 5.32 and that the brane mimics the presence 
of ghost dark energy defined by < 0. At 2cr, we find Q,„„ e [0.2, 0.6] and 
V € [-10.1, -0.75]. The Icr and 2cr confidence contours are plotted on the 
left graph of Fig. |4] Unhappily, the Qy^ parameter is very degenerate since it 
may be as large as 750 at 2cr. 

Minimalising with Hq, we find that its lowest value occurs for Hq - 65.6^ 
(with the same values for the other free parameters and v that have been 
determined by marginalisation - see Appendix IaI for an explanation). Then, 
the age of the universe is 13.26 billion years and the acceleration of the ex- 
pansion takes place when Za - 0.29. 




Figure 4; lo- and la confidence contours for the flat Cardassian model with CDM. The first graph is obtained 
with supemovae data. The two last one take into account supernovae and CMB data by assuming the prior 
n„„ = 0.27 ± 0.05. 

We try to better constrain the parameter by assuming the WMAP prior 
Q„,Q = 0.27 + 0.05. It could be justified by the fact that the Unear term of the 
CDM, p,„ oc (1 + zy', dominates in the field equations at early-times. Then, 
the smallest value for:x^ ^^X^ - 180.14 (x%of ~ 1-16, still reasonable!) with 
Q,„„ = 0.29 and v - -1.01. It corresponds to Q.y^ = 1.42 and a Cardassian 
model mimicking ghost dark energy very close to a KCDM model (v = -1). 
At 2cr, e [0.17,0.42] and v e [-1.8, -0.7]. The 2cr confidence contour 
of the parameter is now physically meaningful since Q.^^ e [0.7,3.47]. 
The confidence contours are plotted on the two last graphs of the Fig. 0] 
Frith, using the Doppler peaks in the CMB, 230 supernovae collated from the 
Uterature and some assumptions about upper limits at which the Cardassian 
term begins to dominate the expansion, ' Frithlil2004l) finds D.„^ € [0.19,0.26] 
and V e [-0.99, -0.76]. Minimalisation gives Hq - 64.6 for the Hubble 
constant and thus the age of the universe would be 14.64 billion years. The 
acceleration of the expansion begins at Za - 0.69. This is a higher value than 
with the supernovae data alone. The cold dark matter begins to dominate 
around Zd - 0.34 and thus, the prior we assume on Q„,„ is justified. 
We see here how a precise determination of Q„,„ is important. If one does not 
consider the WMAP results for this parameter, the supernovae data alone pre- 
dict a value of that is higher than 0.27, and Q.y^ is degenerated. Then, the 
Cardassian model mimics ghost dark energy. If one takes the WMAP results 

^We do not give the 2a contours of Ho since most of time, we have more than three free parame- 
ters and the degeneracy is too large to be meaningful. 
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Qmo - 0.27 into account, the Cardassian model is very similar to a ACDM 
model and is better constrained. This shows how a precise measurement 
of Q„,|, could help us to determine what makes the expansion accelerate. A 
loitering period is compatible with the data only at late times, for z/ < 1 . 



3.3 Curved universe and CDM 

The solutions (|6j for Za in the presence of curvature are plotted in the Fig. |5] 
The remarks of the previous subsection about the solutions (|6} stay valid with 
□,„„ + instead of 0,„„ alone. In the reasonably large region of space pa- 
rameters that we have explored, the acceleration is never transient: no curve 
crosses an other in Fig. [S] 

The solutions for the loitering redshift are similar to the one plotted in Fig. 
|3] But the higher is (i.e, ranging from negative to positive values), the 
lower V nedd to be to allow loitering as illustrated in Fig. |6l 
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Figure 5; The acceleration redshift for the Cardassian theory with CDM in a curved universe. The curves on 
each graph correspond (labels from the right to the left) to Za = 0.0, 0.1, 1.0. 

Using the supernovae data alone, the smallest after marginalisation on the 
Hubble constant is x"^ = 176.4 (xlgf = 1.14) with Q,„„ = 0.49, Qi„ = 0.0, 
and V - -2.38. Hence it predicts a flat universe^* and the results for the val- 
ues of the parameter, the acceleration redshift Za, the Hubble constant, 
and the universe age are the same as in the previous section. The Icr and 2cr 
confidence contours are plotted in the upper left graph of Fig. At 2cr, one 
has v€ [-0.7,-70], Q„,„ e [0.1,0.75] and Qi„ e [-1.2,0.7]. 
Once again, at early-times, the linear term of the CDM density (1 -Hz)^ domi- 
nates and thus seems a reasonable prior for assuming that - 0.27 ± 0.05. 

^Indeed, if we want to stay realistic, finding a perfectly flat universe with some imperfect data 
probably means that the universe is curved... 
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Figure 6l The loitering redsliift for tlie Cardassian tlieory witli CDM in a curved universe {Slk^ = 0.05). 

The best fit now corresponds to Qmo - 0.27 but witii Ot„ - 0.40 and v = 
-9.05 and Q^t,, is tiius too large to be realistic! Hence, we assume an ad- 
ditional prior inspired from WMAP results, i.e. a slightly closed universe 
= -0.02 ± 0.05. In this case we get = 180.12 (xlgp = 1.17) with 
n„,„ = 0.30, Qa„ = -0.02 and v = -0.98. Then, we deduce Q^o = 1.35. 
The Cardassian model mimics quintessence dark energy, once again close to 
a AC DM model. Icr and 2cr confidence contours are plotted on the right 
graphs in Fig. 13 At 2cr, one has v e [-2.13, -0.63], Q„,„ e [0.16, 0.43] and 
D.ko e [-0.16,0.12]. Minimalising, we find that Ho - 64.6, that is, 14.63 
billion years old for the universe. A late (zi < 1) loitering period agrees with 
the supernovae data but almost excluded if we also take the CMB data into 
account. Acceleration occurs when Za = 0.69. The CDM begins to dominate 
when Zd - 0.32, thus justifying the WMAP prior on Q„,„. 
Note that the Cardassian model in a flat and curved universe has also been 
studied in Godlowski & al 12004.) with a different statistical procedure and 
with other supernovae data than the ones used in the present paper Some 
similar results have been got with some similar priors. 

3.4 Flat universe and dark energy on the brane 

Why consider dark energy on the brane when the brane alone is able to accel- 
erate the universe expansion? If we accept the existence of branes, it seems 
rather logical to take into account the presence of some scalar fields predicted 
by high energy physics and not necessarily travelling in the bulk. When a 
scalar field is minimally coupled to the scalar curvature R it may, in the sim- 
plest case, take the form of quintessence/ghost dark energy with a constant 
eos. We thus take into account the presence of such dark energy with a den- 
sity in our calculation. Moreover, we show in the next section, that the 
Randall-Sundrum model is equivalent to the Cardassian model with dark en- 
ergy pc having a varying eos. As usual, we begin to analyse the existence of 
a transient acceleration and a loitering period. 

Some numerical solutions for the acceleration redshift Za are plotted in Fig. 
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Figure 7; lo- and lo- confidence contours (for y = -1) and volumes for the Cardassian model with CDM 
in a curved universe. The first two graphs are without prior on f2„,u and Qyt^. The last two graphs are such that 
n„,o = 0.27 ± 0.05 and = -0.02 ± 0.05. 



|8l Whereas in the previous cases, v have to be negative to allow the acceler- 
ation of the expansion, thanks to dark energy this situation changes. An 
accelerating universe with some reasonable values of and Q.^,, may be 
found with some positive values of v and with ghost (F < 0) or quintessence 
(F > 0) dark energy. Some curves of the Fig. |8l cross each other, showing 
the existence of some universe with transient acceleration. For instance, if 
we choose (Q„„, Q^,,,, F, v) - (0.4, 1,0,-4) (and thus D.y^ - -0.91), we get 
an acceleration between z - 0.18 and z = 0.53 as shown by Fig. |9j although 
these values of the parameters seem unreasonable. We will see below that 
some positive values of v agree with the data when in the presence of dark 
energy. Thanks to this property, some early loitering epochs for reasonable 
values of the cosmological parameters in agreement with the data (for in- 
stance Q,„|, ^ 0.3, - 0.7 and v oc 0.1) are now possible. Some solutions 
are displayed in Fig. E| 

It is not possible to constrain this theory with the data, since there are four 
parameters inducing a very large degeneracy. For instance v may be as nega- 
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Figure 8 '. The acceleration redshift for the Cardassian theory with CDM and dark energy in a flat universe. The 
curves in the planes labelled by v correspond to Za = 0.1, 0.2. ..0.5. The last three graphs ai'e the solutions plotted 
on the first three graphs and they correspond to a universe that is first decelerated and presently accelerating. 



tive as we choose. Indeed, if v — > -oo, the brane properties of the Cardassian 
model disappear since we recover usual dark energy model with a constant 
eos, able to fit the observational data. So, one can predict that when v tends 
to -oo, the four dimensional 2cr confidence space (f2mo» ^eo'^' ^) tends to the 
2cr confidence volume (Qm n,^«n,n of usual dark ene rgy model with con- 
stant eos akeady studied in lFav. Fiizfa & Alimil (l2005l) . In the same way, F 
may be as negative as we want, since then the theory tends to the flat Car- 
dassian model without any dark energy, and fits the data perfectly as shown 
in the previous section. Hence this model may be degenerated in at least two 
directions, both the negative v and F. 

An interesting property of this model is that, thanks to dark energy, some 
positive values of v are now in agreement with the data. This partly explains 
why the Randall-Sundrum model that we will study in the next section also 
agrees with the data. Indeed, the Randall-Sundrum model is equivalent to the 
Cardassian model with v = 1 and dark energy (pe) with a varying eos (see the 
next section). Note that with a positive v, the WMAP prior 0„,„ = 0.27 + 0.05 
does not hold since the Cardassian model does not tend to a linearly CDM 
dominated universe at large redshift as assumed by the WMAP analysis (i.e. 
dominated by the p„, oc (1 + z)^ term at large z). Without any prior, one finds 
that the lowest should be around 175.26. We do not give any values of 
the parameters in agreement with this last value since they are degenerated: 
some wide ranges of values of the parameters agree with the lowest value of 
X^- A 2cr confidence volume is plotted in Fig. ^Jwith v = 3. We insist that 
this positive value of v is possible only thanks to the presence of dark energy 
that can either be quintessence or ghost. Without dark energy, only some 
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Figure 9: Existence of transient acceleration for the Cardassian theory with CDM and dark energy in a flat 
universe. The first graph shows some solutions when F = and v = -4. Some curves, parameterised by a 
value of Za, cross, showing the presence of some field equations solutions describing a transient acceleration 
(transient deceleration is also possible but not here). One of these solutions is plotted on the right graph when 

(n„„,n,„,r,y) = (0.4, 1,0,-4). 




-4 -2 2 4 



Fi gure lOl The loitering redshift for the Cardassian theory with CDM and dark energy in a flat universe with 
Slgg = 0.7 and F = 0.2. There are some similar solutions with a negative F (ghost dark energy). 

negative v are in agreement with the data as shown in the previous sections. 

4 Randall-Sundrum theory 

4.1 Field equations 

The equations of the Randall-Sundrum type // model with the dark radia- 
tion correction, a negative bulk cosmological constant and a positive brane 
tension write: 

1 k Pm m A 

H^+-= hpM + tt) + - + T 
2A or 3 

k 3 pm m 

H--^ -^ykWmil + ^) - 2- (8) 
a-^ 2 A or 

We define the constants 
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0.3 




Figure 1 1 ; Some 2(T confidence volume of the Cardassian model with CDM and dark energy in a flat universe 
when y = 3. It is quintessence or ghost dark energy which allows the compatibility between a positive v and the 
observational data. 

• = > 0, the term arising from the positive brane tension A on 
our brane. 

• Qj„ = 7r?T^ the dark radiation density parameter, m is an integration 
constant proportional to the mass of the bulk black hole that is naked 
if m < (or equivalently Q^^ < 0). 

• Qa„ = the cosmological constant parameter on the brane (a con- 
tribution coming from the negative bulk cosmological constant and the 
brane tension). 

-k 

Equations and 0+11} rewrite as 



^ko - UT^^ the curvature parameter 



^k,il+zf] (9) 



-Jj- = a«„(i-^r)(i+z)'" + "^o(i-3r)(i+z)'^- 

/zq CI L 

n^„(i+z)UQA„ (10) 

with = 1 - Q„,„ - - Oa„ - 

The Randall-Sundrum type // model is a special case of the Cardassian the- 
ory with V - \, A - (2/1)"' and dark energy defined by a varying eos 
whose barotropic index would be: 

_ -3/tifl4(.l + p,„)± V3 ^kxa" [6m/l + fl4(2iA + 3/fei(^ + p2 ))] 

Here may be fully expressed as a function of the redshift by putting 
p,n cT^'^ and a - flo(l + z)"', where ao is the scale factor today. This 
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eos tends to the CDM eos at early-times and to the one of a cosmological 
constant at late times. These properties are similar to the ones of the Chaply- 
gin gas. 

The Randall-Sundrum type // model is also equivalent to GR in four dimen- 
sions with dark energy defined by the varying barotropic index 

^ 2 2Q^„(l+z)^ + 3yOA„(l+z)^^ 
3 + z)4 + yQA„(l + zfy + Qa„ 

and dark energy parameter Q.^^ - + + ^Ao- At large redshift this dark 
energy behaves like a stiff fluid and in the future (z — » - 1 ) like a cosmological 
constant. 



4.2 Flat universe 

Some solutions for the acceleration redshift Za are plotted on the first graph 
of the Fig. [21 and for the loitering redshift zi on the second graph in Fig. 
1 121 when Qa„ = 0.8, the best fit value when one assumes Q,/„ = ± 0.1 (see 
below). A transient acceleration is possible for some smaller values of Qa„. 
Some loitering periods also occur 




Q. with ni=o.8 "itii 0^=0.8 



Fi gurc 12) The acceleration (first Fig.) and loitering redshift (second Fig.) for the Randall-Sundrum theory 
in a flat universe when £1^0 = 0.8, the value giving the lowest 

To analyse the Randall-Sundrum model with respect to the data, we need to 
assume some priors otherwise the lowest is got for very small and a 
non negligible Qj„. Definiti vely, it does not look lik e our universe! This fact 
has already been noticed in Dabro wski & where, when neglecting 

Q.d„, Qmo - 0.01 is found. It seems dangerous to assume some usual priors 
coming from the CMB data because at large redshift, the term dominates 
instead of the p,„ one and the effect of dark radiation may also play an im- 
portant rolelGumjudpai 2003). The effect of the quadratic correction pljA 
is negligible by the time of nucleosynthesis and thus should no t act during 
the CMB epoch. The effect of dark radiation are analysed in Gumiudpaj] 
J2OO3.) . Among others, it is shown that (quoting Gumjudpai), whereas "in 
the radiation era, the large scale density perturbations are suppressed at late 
time by a small amount, at the same time, the large scale perturbations in 
the dark radiation itself grow at late times" . Today the dark radiation should 
be a small fraction of the radiation energy and thus, being conservative, we 
assume that Qrf„ = + 0.1. Then we find = 178.203 with Q„,„ = 0.15, 
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Qdo - 0.008 (the bulk black hole is not naked) and Q.^^ — 0.80. It means that 
= 0.02 6, a positive value in agr eement with a positive Newton constant. 
Note that in Dabrowski & all(l2004l) . using the supernovae of lPerlmutter & al| 
0999) and neglecting Qj„, the best;^'^ is found when Q„,„ = 0.25, Qa„ — 0.73 
and - 0.02. The 2cr confidence contours are plotted in Fig. E](1(t con- 
fidence contours are too thin to be plotted). At 2cr, one has 0,„„ e [0, 0.62], 
Q.d„ e [-0.27,0.22] and Qa,, e [0.54, 1.0]. The acceleration is not transient 
(at the limit of the 2cr contours) but an early loitering period is possible when 
Qau < 0.8. Minimalising;^'^, we get the lowest with Ho = 64.77. Then the 
universe age is 11.45 billion years. This is too young, but higher values are 
possible at 2cr. The acceleration of the expansion occurs in Za = 0.44. The 
linear term for the CDM dominates briefly when 0.34 < z < 1.17. For larger 
redshift the quadratic term of the CDM dominates. 




Figure 13; la- contours for the Randall-Sundrum theory in a flat universe. Labels run from the right eUipse 
to the left one. 



4.3 Curved universe 

The solutions for the acceleration redshift are represented in Fig. Some of 
them correspond to a transient acceleration but only for relatively low values 
of Q.A„ ■ These transient solutions occur for higher values of when Qj^„ 
becomes more and more negative. Some loitering period also exist as plotted 
inFig.ini 

When calculating the best x^, it is really difficult to get some reasonable 
values for the cosmological parameters without assuming any priors for each 
of these parameters as shown in Table [0 With or without priors, the lowst 
is roughly the same, indicating a large degeneracy: the supernovae and 
CMB data are not able to constrain the Randall-Sundrum theory efficiently 
in a curved universe. For this reason we have not looked for the confidence 
contours. 
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0.2 0.4 0.6 0.8 1 
with Qk-0 . 1 



0.2 0.4 0.6 0.8 1 
Qm with Qk-0.1 



Figure 14: Acceleration redshift Za of the Randall-Sundrum theory in a curved universe (Quq = 0.08). Some 
curves cross, showing the existence of a transient acceleration. 




0.2 0.4 0.6 0.8 1 
Q„ with Q,,=-0.1 



Figure 15: Loitering redshift zi of the Randall-Sundrum theory in a curved universe (Oaq = 0-8). 



Table 1 : The lowest ;tr^ get for the Randall-Sundrum theory with several priors. Assuming a prior for Cl„^ only 
gives, with respect to what we know about the universe, too a large curvature, dark radiation, and vacuum energy. 
The problem stays for the curvature (dark radiation) if we add a prior on dark radiation (respectively curvature). 

















Za 


Ho 




= 0.3 ±0.1 


177.32 


0.31 


1.12 


0.20 


-0.61 


1.40<z<0.52 


64.98 




= 0.3±0.1,n<,„ =0.0 ±0.05 


177.98 


0.30 


0.89 


0.004 


-0.22 


Za = 0.42 


64.85 




= 0.3 ± 0.1, n^i, = -0.02 ± 0.05 


178.34 


0.29 


0.77 


-0.08 


-0.02 


Za = 0.42 


64.70 




= 0.3 ± 0.05, nj„ = 0.0 ± 0.05 


178.58 


0.29 


0.76 


-0.011 


-0.06 


Za = 0.43 


64.54 



and = -0.05 ± 0.05 

5 DGP theory 

5.1 Field equations 

The field equations of the DGP theory are: 



//H^ = (ii(P.+P.)+^±^)^ (11) 
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k 3 1 
--kiiypm + Tpe){\ ± 
2 



(12) 



where ro = M^/(2MI) is the cross-over scale where gravity changes its 
behaviour dPvali & Gabadadze & Porratif 2000 : Gumiudpai 2003): on a small 
scale the gravitational potential behaves normally as 1/r but the gravity be- 
comes 5D on scales larger than ro. Equations il 111 lhfT2t rewrite 



^Q„,„(l+z)3r + Q,„(l+z)3r + n2j2] 



1 a 



Hi 



±n.„ + ^Q„,„(l+z)3r + 0.o(l+z)3r + n2„ 

1 



1 ±Q„ 



with ^0 = 2;^. 



^Q,„„(l+z)3r + Q,„(l+z)3r + Q2^ 
From the constraint (I13> . we derive 



(14) 



V(Q„,„ + Q,„ + Qt„ - 1)2 

2vr^Q;; 



The + sign corresponds t o two different ways in which the brane is embedded 
in the bulk(Sahni 2005), and the cosmological consequences of these are 
treated in the next two sections. To simplify, we only consider the positive 
sign of the square root Vx^ -\ x\. 

This model is equivalent to GR in four dimensions with dark energy having 
a varying barotropic index 

nm^QMl + z?^ + Q.„r(l + z)3r(Q, + VF(i)) 



VF(i) [q,„(1 + z)3r + 2Q,(Q. + V?Xi))] 



with F(z) = Q„,o ( 1 -H z)^^ + ( I -H z)^r- + q2 jjjg fmjjj.g ^jjgjj 2 ^ _ 1 tjje 
dark energy eos tends to a A eos, if F > (the brane corrections dominate), 
and to F otherwise (ghost dark energy dominates since then F < 0). 



5.2 The + sign 
5.2.1 With only CDM 

The acceleration redshift Za without any dark energy is written as 

i^?(3r-i) 



n„„(2-3r)2 



1. 



(15) 



Some solutions are plotted on the first graph in Fig. The curves do not 
cross each other, so the expansion acceleration is not a transient phenomenon. 
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All the curves correspond to an expansion that is both presently accelerating 
and following a decelerated expansion. There is no analytical expression for 
the loitering redshift zu but some numerical solutions are shown on the sec- 
ond graph of Fig. 
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Figure 16; The acceleration (first Fig.) and loitering (second Fig.) redshift for the DGP theory ("+" sign) 
with only CDM. 



When we only use the supernovae data, the lowest is - 177.846 with 
Q,„„ = 0.33 and Q.^^ - -0.56 in agreement with Alcaniz & Pires (2004). The 
Icr and 2cr confidence contours are plotted on the first graph in Fig. [n] At 
2cr, one has Q„,„ e [0.12,0.50] and Qt„ e [-1.16,0.32]. After minimalisa- 
tion, the Hubble constant is 64.86 and the universe is 15.35 billion years old. 
The expansion accelerates for Za - 0.80. 

The value of Q.^^ for the lowest j^f^ seems really too high. Hence, we assume 
the WMAP priors 0,„„ = 0.27 ± 0.05 and Q.k„ = -0.02 ± 0.05. Since at large 
z, the linear CDM term dominates, it should be reasonable. Then, the best 
is = 181-46 ixioF = 1-17) with 0,„„ = 0.23 and = -0.04. If the 
value of the curvature parameter is reasonable, Q„,„ seems low with respect 
to WMAP data. The confidence contours are plotted in the second graph in 
Fig. ini At 2o-, one has Q„,„ e [0.16,0.30] and Qi„ € [-0.16,0.08]. After 
minimalisation, the Hubble constant is Ho - 64.02 and the age of the uni- 
verse is 14.96 billions years. The acceleration redshift is Za - 0.76 and the 
domination of the CDM occurs for Zd - 0.68, justifying that at early times 
the CDM dominates. 

The DGP model with CDM seems to favour a closed universe. A loitering 
period is possible at late times, i.e. zi < 1.5. Concerning the cross over 
scale ro, we found with the supernovae data and the CMB priors that Q^o ^ 
[0.35,0.44], that is voHq e [1.13, 1.42]. With the value of the Hubble con- 
stant in m egaparsecs, it means tha t ro ^ 6 gigaparsecs. This is in good agree- 
ment with lPeffavet & et al I(l2002h where, with 52 supernova e Riess et al (20051) 
and some CMB data in a flat universe, r^Ho ^ 1 .4. 



5.2.2 Flat universe with dark energy 

Some solutions for the acceleration and loitering redshift are plotted on the 
Fig. ^] We have not detected any transient acceleration for reasonable val- 
ues of f2,„u or but loitering occurs. 

Using the supernovae data alone, we find;^^^ - 175.32 for the lowest with 
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Fi gurc 17) The confidence contours of the DGP theory ("+" sign) with CDM. The first graph used the 
supemovae data alone whereas the second one also takes into account the WMAP priors Slmo = 0.27 ± 0.05 and 
= -0.02 ± 0.05. 





0.5 1 1.5 

Qji with r=-12.8 



Figure 18l The acceleration and loitering redshift for tiie DGP theory ("+" sign) with dark energy on the 
brane. 



Q„„ = 0.30, Q„ 



0.18andr = -9.76. This time, Q„„ is close to the WMAP 



value 0.27. The 2cr confidence contours are very large in particular for the 
F parameter which may be as negative as we choose. This is rather logical. 
The DGP model does not need any dark energy to reproduce the observed 
acceleration and then, dark energy may be as low as necessary, that is, with 
F -> -00 or F -> +00 with Q<,„ -> 0. The other parameters are also very 
degenerated. At 2cr one has Q„,„ e [0, 25.9] and e [0, 83]. 
To reduce these confidence contours, we assume the WMAP prior Q.^^ = 
0.27 ± 0.05. It should be justified as long as F < y = 1 (for the CDM) be- 
cause then the CDM dominates at early-times. Then the best fit is found for 



175.39 with £2„„ = 0.27, = 0.17, and F = -12.83. These results are 



qualitatively the same as without the prior. However, the confidence contours 
are smaller but for the parameter F, which is still strongly degenerated for the 
same reason as before^. The confidence contours are represented in the Fig. 



''caution: when one considers some low values of T with some high values of Q.e„, the universe is 
not necessarily CDM dominated at large redshift and the WMAP prior may be invalidated 
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[T9l At 2cr, one has Q„,(, e [0.16,0.4] and Q.^^ e [0, 1.45]. Minimalisation 
gives Ho - 67.75 and the universe age is then 14.13 billion years. The ac- 
celeration of the expansion occurs for Za = 0.32 and the universe starts being 
CDM dominated when Zd = 0.33. Concerning the cross over scale ro, we 
found with the supernovae data and the CMB priors that Q,.„ € [0.008, 0.4], 
that is, roHo e [1.25,62]. With the value of the Hubble constant in mega- 
parsec, it means that 5 < ro <- 280 gigaparsecs. The cross-over scale is thus 
very degenerated and can be larger than without dark energy, early loitering 




Figure 19l The confidence contours of the DGP theory ("+" sign) with dark energy in a flat universe. 

agrees with the data if F is small (0(10 ')). 

5.3 The - sign 

5.3.1 With only CDM 

This model does not fit the supernovae data. This is shown in Fig. I20lwhere 
we have plotted the lowest for some values of and Thus this 
brane model is excluded by the observations. Things are different if we add 
dark energy as shown in the next section. 

5.3.2 Flat universe with dark energy 

Adding dark energy on the brane allows us to reconcile this model with the 
observations. The acceleration redshift is plotted in the first Fig. (12 H when 
F - -0.75, the value matching the lowest (see below). Some similar Fig.s 
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Figure 20: The lowest tor the DGP theory ("-" sign) in a universe with CDM. It is plotted as a function of 
n,„u for different values of tli,^ . Clearly, this model does not fit the data. 

may be got with some other values of F. There is no transient acceleration 
but a loitering epoch may occur as shown by the right graph in Fig. 1211 




0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1 

fta with r--0.75 iim with r--0.75 



Fi gurc 2 1 ! Acceleration and loitering redshift for the DGP theory ("-" sign) with dark energy and in a flat 
universe when F = -0.75, the values of T matching the lowest^-. 

Without any prior, we get;i'- - 176.40 with Q.,,,^ - 0.49, Qe„ = 0.51 and 
F = -1.38. The cosmological parameters are highly degenerated. At 2cr, 
one has F e [-11,0.41]. This is a smaller interval than with the "+" sign. 
It comes from the fact that now dark energy is necessary to fit the data and 
thus F cannot take any value. However Q.^^ may be larger than 280 and Q,„„ 
larger than 120! After minimalisation, the lowest is got with Hq = 66.15. 
The age of the universe is then 13.17 billion years. The universe begins to 
accelerate when Za = 0.29 and is dominated very recently by the CDM, since 
Zd = 0.005. 

Now we assume the WMAP prior Q„,„ = 0.27 ± 0.05. Then, we get;^'- = 
176.74 with f2,„„ = 0.27, = 0.40, and F = -0.75. The 2cr confidence con- 
tours are plotted in Fig. ^ One has F e [-3.95,0.29], 0,„„ e [0.14,0.41], 
D.eo e [0.23,20.8]. After Minimalisation, one finds Ho - 96.47 and the age 
of the universe is 13.06 billion years. The acceleration starts when Za - 0.33 
and the linear term of the CDM, p,„ oc (1 + z)^, will soon stop dominating 
the universe since Zd - -0.05. This value of Hq seems physically unreason- 
able. However, at Icr, it is possible to build a DGP model with a reasonable 
value of the Hubble constant. For instance, if we impose Hq - 65 and we 
minimalise the x^, we find = 177.38 with Q„,„ = 0.30, Qf„ = 0.69 and 
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r = -0.01. Thus we conclude that the DGP model with the minus sign and 
dark energy is in agreement with the data and the usual value of the Hubble 
constant only if this model is very close to a KCDM model. Mathematically, 
it induces a very small (large) Q,„(r()). The vanishing of means then that 
the cross over scale tq for which the gravity becomes 5D tends to infinity 
when the DGP model becomes indistinguishable from a hCDM one. An 
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Figure 22: lo- and 2tT confidence volume for the DGP theory ("-" sign) with dark energy in a flat universe 
when we assume the prior n„,u = 0.27 ± 0.05. The second graph shows the 2tT interval when T = 0.3. 

early loitering period agrees with the data for the positive values of Y. 



6 Conclusion 

The parameter values corresponding to the lowest for each brane theory 
in agreement with and reasonably constrained by both the supernovae and 
CMB data are given in Tab. I2I3I These are the models we are going to dis- 
cuss now. 

The Cardassian theory with only CDM is equivalent to OR with dark en- 
ergy with a constant eos very close to the one of a cosmological constant 
P<l>/p<t' - ~1- for a flat universe, the barotropic index = Pii>lp<p + ^ - -0.01 
whereas with curvature, - 0.02. Mathematically, there is no transient ac- 
celeration. A late loitering period agrees with the data. Adding dark energy 
does not allow us to fit the data better, but in this case the v parameter may 
take some positive values that otherwise disagree with an accelerated expan- 
sion. 

The Randall-Sundrum theory illustrates how the conclusions got with the 
data strongly depends on the assumption we made on the cosmological pa- 
rameters. 

First, we assume that f2^/„ = ± 0. 1 . The Randall-Sundrum theory is equiva- 
lent to the Cardassian theory or to GR, both with dark energy having a vary- 
ing eos. In this last case, the barotropic index of dark energy mimicking the 
Randall - Sundrum theory with only CDM is represented in Fig. 23 In the 
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past, the barotropic index tends to a stiff fluid, and in the future to a cos- 
mological constant. A transcient acceleration disagrees with the data (at the 
border of the 2cr confidence contours) but an early loitering period may oc- 
cur. 

If we decide to change the prior and take, for instance, Q„,„ = 0.30 + 0.1, 
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Fi gurc 23) The Randall - Sundrum theory is equivalent to GR with dark energy. These curves represent the 
barotropic index of dark energy for a Randall - Sundrum model with only CDM and for several intervals of the 
redshift when one assumes Slj^ = ± 0. 1 . 

something new happens. The best;^'^ is got when Q,„„ - 0.29, Qaq = 0.78, 
and Qrf„ - -0.09. A loitering period is always in agreement with the data, 
and a transient acceleration always at the border of the 2cr confidence con- 
tours. But this dark energy eos mimicking the Randall-Sundrum model and 
shown on the Fig. presents some very interesting properties. In the past, 
the barotropic index tends to a stiff fluid. Later, it mimics quintessence dark 
energy and then ghost dark energy: dark energy is thus able to cross the 
line 70 - 0. In the far future, it will tend to a cosm ological constant. This 
crossin g of the line = has also been noticed in eva & Koshelev I 
(|2005). Sometimes, one wonders what the physical meaning of ghost dark 
energy is that violates the weak energy condition or what it means when 
quintessence dark energy becomes ghost. Here, we see that these questions 
could be physically meaningless if we try to answer in the framework of 
dark energy. However, they become physically meaningful if we consider 
that quintessence/ghost dark energy is just a mathematical representation of 
a physically well justified theory such as the Randall-Sundrum theory. 
What about the DGP theory? It is also equivalent to GR with dark energy. 
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Fi gurc 24) The Randall - Sundrum theory is equivalent to GR with dark energy. These curves represent the 
barotropic index of this dark energy for a Randall - Sundrum model with only CDM and for several intervals of 
the redshift when one assumes n„,j = 0.30 ±0.1. 

The barotropic index corresponding to the DGP theory with only CDM or 
with dark energy on the brane is represented in Fig. |25l In the first case, dark 
energy is quintessence. It tends to a cosmological constant in the future and 
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Figure 25 : The DGP theoiy is equivalent to GR witli dark energy. These curves represent the barotropic index 
of this dark energy when one considers the RS with only CDM (left graph) or with dark energy on the brane (right 
graph). 



Table 2: Values corresponding to the smallest for each brane theories in agree- 
ment with and reasonably constrained by both the supernovae and CMB data. 



Model 


prior 










Others 


Card. 1 


n,no - 0.27 ± 0.05 


1.16 


0.29 






V - -1.01 


2 


Qnio = 0.27 ± 0.05 


1.17 


0.30 


-0.02 




V - -0.98 




and Qko = -0.02 ± 0.05 












RS 


-0±0.1 




0.15 




0.8 


Qd, - -0.008 


DGP 1 


+ sign, - 0.27 ± 0.05 


1.17 


0.23 


-0.04 








and Q.ko - -0.02 ± 0.05 












2 


+ sign, Q„„ = 0.27 ± 0.05 


1.14 


0.27 




0.17 


r = -12.83 



to the special value - 0.5 in the past. In the second case, dark energy is a 
ghost and tends to a cosmological constant in the past and to F in the future. 
For the DGP theory with only CDM, a transient acceleration is mathemati- 
cally impossible and a late loitering period (zi < 1.5) is possible. With dark 
energy, a ttansient acceleration is mathematically impossible and an early 
loitering period seems to agree with the data if F = (9(10"'). Note that the 
DGP theory with minus sign and only CDM, disagrees with the data if one 
adds dark energy. Then a transient acceleration is still mathematically im- 
possible and an early loitering period agrees with the data for positive values 
ofF. 

Hence, a transient acceleration and an early loitering period - two inter- 
esting properties of branes - usually disagree with the data. In particular, the 
loitering period usually occurs at late time. All the theories shown in Tab. 
I2l.3l predict a Hubble constant around 65 (around 68 for the DGP model with 
curvature) and an age for the universe around 15 billions years (around 11. 4 
for the Randall-Sundrum model). 

Moreover, all the brane models we have considered are equivalent to GR 
with dark energy defined by a barotropic index y^. Each time one takes the 
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Table 3: Values corresponding to the smallest for each brane theories in agree- 
ment with and reasonably constiained by both the supernovae and CMB data. 



Model 


Ho 


Age 


Za 


Zd 


Trans. 


Loit. 


Card. 1 


64.6 


14.64 


0.69 


0.34 


No 


Yes(z/ < 1) 


2 


64.6 


14.63 


0.69 


0.32 


No 


Yesfe < 1) 


RS 


64.7 


11.4 


0.44 


0.34 <z< 1.17 


No 


Yes (early-time) 














if < 0.8 


DGP 1 


64.86 


14.96 


0.76 


0.68 


No 


Yes(z/ < 1.5) 


2 


67.75 


14.13 


0.32 


0.33 


No 


Yes(early-times) 














if r = 0(10-^) 



supernovae and CMB data into account, this dark energy is close to the form 
of a cosmological constant, i.e. - 0. Hence for the Cardassian model, 
jij, ss 10"^. For the Randall-Sundrum and DGP models, their barotropic in- 
dex varies but is also close to at present time. Indeed, their barotropic index 
tends to some constants in the past and in the future, these constants being 
related by a fast transition period and the constant value = reached in 
the future (past) for the Randall-Sundrum (DGP) model. What is striking is 
that the data predict we should live just during the short transition period. 
What does it mean? Probably that the value of is so close to today that 
we are not able to measure it precisely enough to prove that we are in the 
asymptotical period when — > instead of the transition period where y^ 
may be slightly different from zero (in the same way that if the universe is 
nearby flat, we can prove it only if the measures are precise enough to mea- 
sure a very very sligth curvature). This is probably why the data lead us to 
believe that we are living during a transition period when y^ is close to zero 
and not yet in an asymptotical epoch when y^ — > 0. 

To conclude, if our universe is described by one of the three brane-inspired 
models studied in this paper, today it is probably very similar to a ACDM 
universe. But how similar? The supernovae data are not precise enough to 
answer (and consequently could fake a universe undergoing a transition to a 
ACDM model instead of being already asymptotically enter into such a state) 
but it could be the case of struct ures formation data (as SDSS or 2dFGRS) as 
recently shown in lAmarzguioui et aL ti2005.) . 

A Minimalisation, marginalisation and priors 

The relation between the apparent magnitude, the magnitude zero point offset 
and the Hubble free luminosity distance writes 

m-M + 5log{Di) 

with 

D, = (1 +z) r l/ylE(z)dz 
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and 

M ^ M + 5log{—) + 25 
Ho 

One can define the;^^^ as 



'—\ err 

where nh is the number of data. Let us consider a cosmological model de- 
fined by n parameters. The model fits the data best when the values of its n 
parameters and the value of the constant M minimise . 
Another way to find the best fit consists in marginalising a nuisance param- 
eter, say M, since in the Riess data, the Hubble constant //q is unknown. To 
marginalise, one defines a new as 

oo 

After some algebraic manipulation and after defining 



z 



157 nbs 



mf - 5log{Di) 



it becomes 



157 , 

p=l ! 

X^^A-^+ln^. (16) 

Expanding one also easily finds that 

^A- 1MB + M^C. 

Since minimalisation corresponds to dx^ldM - 0, it also occurs for M - 
that is 

X^^--^ (17) 

Both ( I17> and ( I16> define two n surfaces containing the values (/i, /a, /«) 
of the n cosmological model parameters minimising and ij\,j2, ■■■,jn) of 
the n cosmological model parameters marginalising 
The first n values are solutions of 

^ = 0. (18) 
dik 



The second n values are solutions of 

dX2 



,. (19) 
djk 
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Since ;t'2 and ^2 only differ by a constant, these two groups of equations have 
the same solutions and (/i, /2, /„) = iji, ji, jn)- 

Moreover, we have . - ■ = In The more accurate the observations, 

' ^ mm ^ mm 2n 

and the smaller the cr,, the larger will be the difference between ^^^.^^ and;^'^^.^^. 
Thus evaluating the confidence contours using minimaUsation or marginali- 
sation is equivalent, as long as (I18I19> hold. 

Sometimes, the confidence contours are too large or the parameter values 
giving the best (i.e. the smallest) are unphysical. In this case, it may be 
interesting to assume some priors on one or several parameters of the model. 
For instance, one can assume that the CDM density parameter Q.^^ should 
be = 0.27 ± 0.05. One way to assume this prior mathematically consists 
in minimalising the quantity = ;f ^ + (Omo - 0.27)^/0.05^. The same 

method applies for marginalising with a prior. 
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